Notes on g-analogues of a binomial congruence of Glaisher 
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Abstract 

Andrews once gave g-analogues of a binomial congruence of Glaisher, and he sug- 
gested perfect (/-analogues. In this short note we give ones meeting the demand of 
Andrews. 
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An interesting result of Glaisher [3] asserted that if p > 5 is a prime and m > 1 is an 
integer, then 

^mp + p — 1^ 



p I I (modp'^). (1) 
Obviously, his result can be written as: 

{mp + l)(mp + 2) ■ ■ ■ {mp + p — 1) = {p — ly. (modp^). (2) 
As shown in [2], we define the q-number by 

= (9 + 1)> (3) 

the q- factorial by 

[n]l^ = [nUn-l],...[l]g, (4) 

the q-binomial coefficient by 



9 



(5) 



*E-mail address: ningbo_math84@mail.nwpu.edu.cn (B. Ning) 



1 



and the q-shifted factorial by 

{A; q)n = (1-A){l-Aq)---{1- Aq^-'). (6) 

In view of (/-analogues of Glaisher's congruence, Andrews PP showed that if p is an odd 
prime and m > 1 be an integer, then 



'm + l)p-l\ (^,odb]^). 

P ^ J Q 



(7) 



The congruence d?]) can be considered as a (/-analogue of ([T]). Furthermore, Andrews [T] 
suggested perfect analogues of ([T]) and that is, (/-congruences modulo [pj^. 

The main purpose of this short note is to extend Andrews' congruence ([7]) as follows. 

Theorem 1. Let p > 5 be a prime and m > 1 be an integer. Then 



(m + l)p — 1 



Lemma 1. Let p > 5 be a prime and m > 1 be an integer. Then 

{m + l)p\ _ /m + l\ An + l\ — 1 \2\ ^2 



p V 1 J,.- V 2 y 12 



(1 -(?)>] (mod b] ). (9) 



Proof. See Lemma 4 in [1] or Theorem 1 in [5]. □ 
Lemma 2. Let p be an odd prime and s > 1 be an integer. Then 

«'' = E(fc)(-l)'W,'(l-9)' (mod[p]^). (10) 

Proof. 



(1 - (1 - qny = ^ (') (-i)'=(i - qn' = E (l) (-i)' 

fc=0 ^ ^ fc=0 ^ ^ 

EQ)(-1)'N'(1-9)' (modb]^). 



If we put s = 3, then by Lemma [21 we have 



'1^(1 



□ 



r = 1 - i(l - 9) + ^^(1 - (mod [p]^). (11) 
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Proof of Theorem [T]. 

(?n + l)p - 1\ 

\p]q f (m + l)p 



[(m + l)p\q \ p 



q 



1 _ g(m.+ l)p ^ 1 _ gp2 V 2 / 12 



( / - . V-n^a-QYMi) (modb]) 



(1 - q)\p]q . (("^ + IMI - Q)[pU - (^I^±iM^^H±Pzl) (1 - 



(m + 1)(1 - q)[p]q - _ g)2[p]2 ^(i _ _ £0^(1 _ g)2[p] 

- (mod Ml) {by m) 

-(1-9) WJ (mod [p] ) 



- (1 + f (1 - .)b]. + ^(1 - • (1 - f (1 - .) - - qnp]l) 

(mod [p]l) 

, 1 _ _ + (!^ - 1!;;*; - -;"-" )(! - (mod Ml) 

The proof is complete. □ 

Remark 1. In [1], Andrews also gave a g- analogue of ([2]). He proved that if p is an odd 
prime and m > 1, then 

In [1], Andrews once wrote the following words: "the empirical studies I made which led to 
Theorem 1 do not yield any instances of congruences modulo [p]^". However, his studies 
surely can imply a (/-analogue of congruence ([2]) modulo [p]^. Noting that by Lemma [21 
we have 1 — = {m + - q)[p]q (mod [p]q) and 1 — q"^P = m{l — q)\p]q (mod [p]^). 

And Andrews' congruence (|12|) implies 

Theorem 2. 

(^'-^^^qWi -9™^(^"^)/^(9;9Wi - ^^^^^^^^^^^^{l-qfH (mod [p]l). (13) 
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